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Abstract. Following the work of Zakharov and Shabat, we derive nonlinear equations
which are integrable through a discrete Gel’fand-Levitan ‘integral’ equation in two (resp
one, resp zero) continuous and one (resp two, resp three) discrete variables.

1. Introduction

In 1974 Zakharov and Shabat developed a general method to construct Lax pairs,
whose associated nonlinear evolution equations (Neges) are integrable through a
Gelfand-Levitan integral equation.

In this paper we extend the Zakharov-Shabat method to construct nonlinear
difference evolution equations (npEES) and nonlinear difference difference equations
(NDDES) integrable through a discrete Gel’fand-Levitan equation, by considering three
possible cases:

(a) the two time-like variables, which one can associate with the Lax operators, are
both continuous;

(b) of the two time-like variables, one is continuous and one is discrete;

(c) both time-like variables are discrete.

In cases (a) and (b), considered in §§ 2 and 3, one obtains NDEES; in case (c), developed
in § 4, one obtains NDDES.

As examples we exhibit some two-dimensional chiral model equations on a lattice,
which reduce, in the scalar case, to the two-dimensional Toda lattice and the discrete
analogue of the two-dimensional three-wave equation, both with their Béicklund
transformations (BTs); moreover we display some new integrable three-dimensional
lattice equations.

2. The discretised Zakharov-Shabat method

Let us consider a linear discrete ‘integral’ operator F acting on the vector function
Y(@1(j) ... Yn(j)) of the discrete variable j:

Fumy= 3 Flujw().

j=—
T The research reported in this paper has been supported in part by the CNR grant no 79.00919.02.
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Here ¢ and the N X N matrix function F (n, j) may depend, in addition to the discrete
arguments, parametrically also on other variables continuous or discrete, such as ¢, y, d,
h, etc. We require the following condition for F(n, j):

+c0
sup 3 |F(n,j)|<o, for all m >—co0.
n>m Sy

Let us introduce the Volterra operators K, andK_, such that K +(n,j)=0forn =j and
K_(n,j)=0forj =n, andlet us assume that the operator (1 +K.)isinvertible. Insucha
case the representation of F in the factorised form

1+F)=01+K,)'1+K.)

is equivalent to the discrete Gel’fand-Levitan ‘integral’ equations for K. (s, j) and
K_(n,}),

Fm)+K.(n )+ 3 Ko(n k)F(k j)=0, j>n,
k=n-+1
(1)
K_(n,j)=F(n, ])+k Z+ K. (n, k)F(k,j), j<n.

We now introduce two different operators, T, acting on the vector function ¢ (n)7:
T; =as, +L3, )
L =17 (E™, (3)

where j is a positive integer number, « is a scalar constant and /; is a constant matnx
Followmg Zakharov and Shabat (1974) we can prove that, if F commutes with To,
iex

[F, T51=0,
then we can construct an operator T= by requiring that the operator equation
T=(1+K.)=Q1+KIT5 4)

be multiplicative.

T*=as, +L}, (5)

Ly =17 (E"Y + i uld’(n, t)(E" ),

(6)
Li=17EY+ ﬁ o (n, )E Y

where uy’(n,t) and v{’(n, t) are obtained just by requiring that equation (4) be a

By &. we mean the jth partial derivative with respect to z, i.e. #/dz/, and by E* the shift operator, such that
E*y(n)=d(n £1); in the following we shall also use the notation L, by which we mean (3L/3z).
1By [A, B] one means AB —BA.
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multiplicative operator equation; for instance we have
ud (n, )=
ui(n, 1) =—a 6,K+(n, n+1), @)
uf(n,t)=—a 9K.(n,n+2)—u’(n, HK.(n+1,n+2),

v’ (n, )=K.(n,n+ DI —[;K.(n—j,n+1-}), ®
09 (n, t) =K. (n, n+2)ly —l;K.n—j,n+2-j)— v(’)(n,t)K+(n—j+1,n—j+2),

From equation (4), together with the definition of the ‘potentials’ uy’ (n, t) and v’ (n, t),
we obtain the evolution equation for K.(n,j; t)

a<3,K+(rl,s)-+—I:J-*K+(n,s)—K+(n,sq:j)lji =0, s>n+j. (9)
We can copbine the results written in formulae (2), (3), (5), {6), (7) and (8) in the general
operator Ty,

N N-
To=ad, + Lo+ D Loj=a 8, +Z,
= =

where now the potentials v’ (n, t) have the following formf:

v (n, t)=K.(n, n+k)l; =K. .(n—j,n+k—j)— Z_: v (n, )K.(n—j+i,n—j+k),
i=1

and, defining Uy (n, t) ==, u{’ (n, 1), for U, (n, t) we have
UO(n7 t) = 1

k1 k-1
Ucn, t)=—adK.(n,n+k)— Y Un,)K, (n+s,n+k)+ Y, (Ki(n,n+k—s)l
s=0 s=0

7K. (n+s,n+k))— Z Z v(s+’)(n,t)K+(n—r,n+k)

N
+Y (Ki(n,n+s+k)l; ~I;K (n—s,n+k)), k=1.
s=1
Equation (9) becomes
N
adK.(n,s)+PK. (n,s)— Z K.(n,s—j)If =Y Kiln,s+j)lj =0, s>n+N"*.
j= j=1
It is easy to prove that if the operator F satisfies simultaneously the two equations
(75", F]=0,  [T§,F]=0,
T& =as, +25, T¢ =Bo, +2&,
NS i Ny )
2= 3L EPEY+ L LVED, =12
k=0 k=1

T Hereafter the summation is equal to zero if the upper limit is lower than the lower limit.
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with [Z$, 2@ ]=0, then the ‘dressed’ operators £ and £ satisfy the equation
BEY —~aP® =2V, 2?]. (10)

We apply the formalism derived so far to construct, as examples, the Lax pairs
corresponding to a set of different non-Abelian Toda lattices, to the Volterra equation
and to the discrete two-dimensional three-wave equation.

Setting
FV=L7=LE +aG '(n)G,(n), PP=[1=G ' (n)Gm+1)E",
where G(n) is an N X N matrix function, we obtain
aBd,[G7 ()G, (n)]=1L,G ' (n-1G(n)-G '(n)G(n+ 1), (11)
which becomes in the scalar case, defining G{(n) = exp[X (n)],
BX,y(n)=exp[X(n)~X(n—-1)]—exp[X(n+1)—-X(n)], d=a/l;. (12)
Setting
FV=[7=1E +aG '(n)G,(n),
PP=[1+L7 =G '(n)G(n+1DE"+LE +aG '(n)G:(n),
we obtain
aB 6, [G7'(n)G, ()]~ 8,[G™'(n)G,(n)]
=1,G7'(n-1DGn)-G '(n)Gn+ 1), (13)
which becomes in the scalar case
8BX,y(n)—daX,(n)=exp[X(n)—X(n—1)]—exp[X(n+1)-X(n)]. (14)

Equations (12) and (14) are two different extensions of the Toda lattice to two
dimensions; equations (11) and (13) are the corresponding non-Abelian Toda lattice
equations, which can be thought of as two-dimensional extensions of discrete chiral
models (Popovicz 1980). By a change of variable, both equation (12) and equation (14)
can be reduced to the two-dimensional Toda chain considered by Mikhailov (1979).
Equation (13) is the appropriate extension to two dimensions of the non-Abelian Toda
lattice considered by Bruschi et al (1980).
If we set

PO=L;+Li+L; =(1+y)A(n)An+1)(E VP +Dn)E*
+A(R)+An+1)+(E?, (15)
FP=[1+L7 =AMm)E"+E",
where D(n)=8 2/-_o(A,(j)+A,(j—1)), v isaconstant and A(n) is an N X N matrix
function, we obtain from equation (15)
BDy, (n) —aA, (n) =[y/B(1+y)(E"—1)(D(n—1)A(n)—-A(n —1)D(n)),

which is a non-Abelian Volterra equation whose continuous limit gives the Kadomtsev-
Petviashvili equation (Mikhailov 1979).

The discrete two-dimensional three-wave equation can be obtained with the
following definitionst.

T By 8, we mean the usual Kronecker delta function, such that 8; =0 fori #j and §; = 1 fori = /.
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ip:(jl) =f4;,ij +f48,ij =b8;E ™ +(1—8;)(b; —b;)Q;(n) +8;b:(R;(n}— 1),
Ri(”)=Qﬁ(n)_Qii(n“1), i,f=1,2, 3,
525]'2) =£i;j +ﬁg,;j =a8,E” +(1-8;)(a; —a;)Qy(n) +8;a;(R;(n)— 1)

where Q;;(n) = Qj (n).
By applying equation (10) we obtain

B3,[6;Q,;(n)—b;Q;(n —1)]—ad[a;Q;(n)—aQ;(n — ] +s,(E"—1)Q;(n—1)
=5;(Ri(n)Q;(n)— Qy(n — DR;(n)) +s,Q; (n)Qy,;(n)

—5;Qi(n — 1)Q,;(n) (16)
+8,Qy(n —1)Q,(n— 1), r#Ei#], s; = bia; — b;a;,
Bb; R, (n)—aa; 0.R;(n)= Z Si(E"=1)Q;(n—1)Qu(n—1).

r#i

3. Equations in one continuous and two discrete variables

Let us introduce instead of the time derivative operator g, the shift operator D such that
Df(n,d)=f(n,d+1)

where the variable d spans the space of the integer numbers. In such a case we
introduce a new operator To, and consequently T, satisfying equation (4) in the
following way:

R R . N . NT

To=(y+Mo)D, Mo= X Loj+ 2 Lo,
i< =1

T =(y+40)D, M=y L7+ Y L7,

where Lo, are defined by equation (3) and Li by equation (6) with the real variable ¢
substituted by the integer variable d. With thls definition of T, the potentials u{’ (n, d),

v{’ (n, d) are related to the solution of the discrete Gel’fand-Levitan ‘integral’ equation
( 1) in the following way:

v, d)=K.(n,n+k;d)l; ~I;K.(n—jn—j+k;d+1)
k=1
- Z v, K (n—j+s,n—j+k;d+1),

and, defining U, (n,d) = E, —k “ul’(n, d), we have for Ui (n, d)
‘ UO(n’ d) = y
Ucn,d)=—yK,(n,n+k;d+1)—K.(n,n+k;d))

k=1
- Z Un dK.(n+s,n+k;d+1)
s=0

k+1

+ Y (Kin,n+k—s;d); —I7K.(n+s,n+k;d+1))
s=0
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N —1 N —r
- Y Y o, dK(n—r,n+k;d+1)
r=0 s=1

.-
+Y (Kinn+k+s;d)l; —I;K.(n—s,n+k;d+1)), k=1,
s=1

The solution K.(n,s;d) of the discrete Gel’fand-Levitan integral equation (1) now
satisfies the following equation:

N+
y(Ki(n,s;d+1)—K.(n,s;d)+ MK (n,s;d+1)— Y, K.(n,s—j;d)l]
/=0

7

n-
- Y Ki(n,s+j;d)l; =0, s>n+N",
j=1
We can easily prove that if the operator F' satisfies simultaneously the two equations
N N
[T, F1=0, T9 =(y+doD, o= 3 KVEN + L LVE,
R R N Ny
(T8, F1=0, T¢ = 8 +2), Z& =1 KPEY + L LPE,

with [y, & 1= 0, then the ‘dressed’ operators .f{ and & satisfy the equation
y(DZ? - Z@D)-pit,D =[Z?, itD]. (17)

We can rewrite equation (17) in two different ways, depending on which operator T
we consider as the spectral operator; the choice £ = T implies
y(DZ-%D)=[%, D], (18)
i€.
Ly =\, (y +A0)DY = 4B (),
where the matrix % () depends on the asymptotic behaviour of the functions ¥ (n, y, t)
and ¢'(n, y, t) =Di¢(n, y, t). Equation (18) is the BT (Levi et al 1981) for the spectral
operator £ once we define
ul’ (n)=ui’ (n, d), ud () =ul’(n,d +1),
where u{/’(n) may depend parametrically on y and t.
The other choice & =T gives
BZ, =% %] (19)
ie.
Dy =\, By, = =2y,

which is the Lax equation for the spectral operator 2 when y is a time-like variable.
In the following we give some examples of systems which fall in the first or second
class (i.e. formula (18) or (19)), i.e. the class of B1s of the NDEESs given in the previous
section or the class of NDEES in two discrete variables, n and d, and one continuous
‘time’ variable y.
The BT for equation (11) is obtained by choosing

M=LE ~y+yG'(n)G'(n) (20)
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and it is
¥B &[G (MG (M]=1(G'(n-1)"'G'(n)-G ' (n)G(n + 1)
which reduces in the scalar case to
(vB/1) 8, [X'(n) - X (n)]=exp[X (n) —X'(n — )] —exp[X (n + 1) - X"(n)].
The same choice for given by equation (20) yields the Bt of equation (13); we obtain
y(,G'n—-1DG'(n—1)—G '(n)G'(n)ly)
=a[(G'(n—1))"'G{(n— 1)~ G (n)G,(n)l,],
ay[(G'(n))'Gi(n) -G~ (n)G.(n)]-By 3,[G ' (M)G'(M)]=G'(M)Gn + 1)
—LGT (= 1)G' (M) +ay[(G'M) G, ()G (n)G'(n)~ G~ (n)Gi(n)
—G7')G(n)+(G'(n) "G, (n)],
which becomes in the scalar case
a §[X'(n=1)=X(n)]=ylexp[X'(n + 1)~ X (n — 1)] —exp[X'(n) - X (n)]],
ay 4[X'(n) =X (n)]-By 6, [X'(n) =X (n)]
=llexp[X(n+1)-X'(n)]—exp[X (n)—X'(n —1)]1.

The BT for the discrete two-dimensional three-wave equation (16) is obtained by
setting

//‘lij =8;E +8;(Q(n)—Qi(n—-1)+(1-8;)(Q;(n)—Qj;(n—-1))
where Q;(n) = Q;(n). Defining A, = (E; — 1), r =n, d, we obtain
a(y+Q;(n)—Qi(n—1))A.(Qi(n—-1)-Qi(n—1)—-B 3,[Q:(n)—Q{(n —1)]

=2 [a,(1Qs ()P~ Qi (n)[") +a; (Qis (n — Qi (n)

—Qi(n = 1)Qu(n)—A,Qi(n — Qg (n —1))],
y(@Qji(n)—a,Qj(n —1)—a;Q;(n) + ;Q;(n — 1)) — B 8,[Qy(n) - Qjj(n — 1)]
=a,(Qy(n)Q;(n)— Qi (n —1)Qy(n - 1)) +aiQ; (n = 1)(Qy(n = 1)~ Q,;(n))

+a,Q;(n) Qi (n =)= Q; (n) +a&[Qy(n — 1)(Q; (n — 1) —Q;(n))
+Q;(n)A,Qi(n— D+ Qj(n - )(Qi(n —1)— Qi (n — 1))]
+ [ Q; (n)(Q; ()~ Q] () + Qs (n ~ DAQ} (n ~1)
+Q;(n)Qi(n—1) = Q)]+ (g —a)(Qy(n) - Qj(n — 1)),
r#i#j.

We end this section with some examples of NDEES in two discrete variables and one

continuous time variable y.
By choosing

$?® =G\ (n,d)G,(n,d)+IE", M=G ', d)G(n+1,d+1)E",
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we obtain
vB8A, (G (n,d)G,(n,d))=IG"'(n—1,d)G(n,d +1)—G '(n,d)G(n+1,d +1)i,
which becomes in the scalar case
(vB8/1) 8,0 X (n,d) =exp[X (n,d + 1)~ X (n—1,d)]—exp[X (n + 1, d + 1) - X (n, d)].
By choosing

F?P=G"'n~-1,d)Gn,d)E",

M=Gn—1,d)G(n,d+1DE* +IE”+pF(n,d),
where

F(n,d) =-[ dy(G ' n—1,d)G(n,d)I-IG '(n—2,d+1)G(n—1,d +1)),
y

we obtain
y84(G ' (n—1,d)G(n,d)—B 4,[G '(n—1,d)G(n,d +1)]
=G '(n—1,d)Gn,d)F(n+1,d)-F(n,d)G " n—1,d +1)G(n,d +1).

4. NDDES

We now discretise both the time variable ¢ and the time-like variable y by introducing a
new shift operator H such that Hf (n, d, h) =f(n,d, h +1). We thus have that if the
operator F satisfies simultaneously the two equations

[T6", F1=0, T3 =@ +Z{)D,

{1, F1=0, TP =B +Z9)H,
N/ ) N[ )

2P =3 KPEY+ L LPEY, j=12
k=0 k=1

with [Z°, $?']=0, then the dressed operators £ and £ satisfy the equation

a(DE-9D)=[% $VD],
ie.

LVEIVA (@ +ZV)Dy =y,

in terms of the spectral operator & =T,
In the following we give two examples of NDDES; let

$V=IE"+aG (n, d, h)AG(n, d, h), $P =G (n,d,h)G(n+1,d, h+E".
Then we obtain
oBA(G (n, d, h)AG(n,d, h))
=G (n—1,d+1,h)G(n,d+1,h+1)-G '(n,d, h)G(n+1,d, h +1)],
which is a non-Abelian Toda lattice in three discrete variables. By choosing
PV =G"'n,d,h)G(n+1,d+1,h)E*+B(n,d,h)+IE,
$?P=G""(n,d, h)G(n+1,d,h+1)E",
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where

B(n,d, h)=(/8) §hj (IG'(n—-1,d+1,/))G(n,d +1,j+1)

je—w
-G 'n,d, j))G(n+1,d,j+ 1),
we obtain
aAG ' (n,d, h)G(n+1,d,h+1)—BAG '(n,d, h)G(n+1,d+1,h)
=G Mn,d, hGn+1,d h+1)B(n+1,d,h+1)
~B(n,d,h)G '(n,d+1,h)G(n+1,d+1,h +1).
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